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«Setting: directed cycle, n computers

«Task: 2-color as well as possible o
« Minimize the number of .{'l
monochromatic edges ©

Model: one-round
distributed algorithms




Why?

« Major open question: understanding
distributed quantum advantage
« symmetry breaking problems?
« 3-coloring cycles?
« constant-round quantum algorithms?

*Toy question: 7-round quantum algorithms
for 2-coloring cycles?



What is
the classical
baseline??
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Precise setting

« Each node produces independently
a random number, sends it to D
predecessor and successor

*You have 3 values A, B, C
« Compute f(A, B, C) B

|deally forms a proper
2-coloring A




Formally

f- 1017 = {01}
A B C D~ Uniform [0,1]
p = Pr[f(A, B, () = f(B, C, D)]

How small can you make probability p
by choosing the best possible function f?



Trivial: p = 1/2

«f(A, B C)=1iff B=1/2
Independent coin flips, random 2-coloring
« Monochromatic with probability 1/2



Simple: p <1/3

ldea: produce large independent sets
* no 1-1 conflicts, only 0—0 conflicts

« Algorithm: |ocal maxima join: 1= largest
f(AB C)=1iffB>AandB >C 2 = 20 largest

- Analysis: A, B, C, D bad iff e
B and C not local maxima: ,
D =2/4-2/3=1/3



Simple: p =21/5

« Apply your function 7 in a 5-cycle

« There is always at least 1 monochromatic edge




Systematic
approaches?



(X ,b, ,O’Z
De Bruijn graphs 1. -1

“Normal” “Distinct”
* node (a, b, ) * node (g, b, )
forany a, b, ¢ for any distinct a, b, ¢
«edge (a, b, ¢) = (b, ¢ d) «edge (a, b, ¢c) = (b, ¢ d)
forany a, b, ¢, d for any distinct a, b, ¢, d



Cuts in De Bruijn graphs

 How well can you 2-color De Bruijn graphs?

\What is the smallest fraction of monochromatic
edges?

*Prormaln) = optimum in “"normal” DB graphs
* Pyistinct(N) = optimum in “distinct” DB graphs



Cuts in De Bruijn graphs

pdistinct(n) S O :Onormal(n)
Lower
bounds

pdistinct(n) 2 pnormal(n)
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De Bruijn = algorithm

Prormall2) =1/4 = p<1/4



De Bruijn = lower bound

Pick A, B, C, D
See if f(A, B, C) = (B, C, D)
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De Bruijn = lower bound

«Pick X,, ..., X, _; e

Distinct
* Node (a, b, ¢) has color f(X,, X, X,) De Bruijn
e Pick distinct indexes A, B, C. D graph

° See If f(XAI XBI XC) — f(XB/ XC/ XD)



De Bruijn = lower bound

«Pick Xg, ..., X,_ e
Distinct

* Node (a, b, ¢) has color f(X,, X, X,) De Bruijn

 Pick random edge (A, B, C) = (B, C, D) graph

e See it (X, Xg, Xc) = f(Xp Xc Xp)
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De Bruijn = lower bound

«Pick X,, ..., X, _; e

Distinct
* Node (a, b, ¢) has color f(X,, X, X,) De Bruijn
* Pick random edge e graph

e See if e is monochromatic

« Recall: every 2-coloring has fraction
> Pyistinct(N) Monochromatic edges



De Bruijn = lower bound

«Pick X,, ..., X, _; e

Distinct
* Node (a, b, ¢) has color f(X,, X, X,) De Bruijn
* Pick random edge e graph

e See if e is monochromatic

o > i n
P 2 Pgistinct(N) Pistinct(6) = 1/5

> p=1/5
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Bounds on p for 3D De Bruijn graphs (normal vs distinct)
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Bounds on p for 3D De Bruijn graphs (normal vs distinct)
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Cuts in De Bruijn graphs

Bounds on p for 3D De Bruijn graphs (normal vs distinct)

p (monochromatic-edge fraction)
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o = N w ESN ()] (@)
1 1 1 1 1 1 1

0.19 -

== Normal DB
= Dijstinct DB
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Cuts in De Bruijn graphs

Bounds on p for 3D De Bruijn graphs (normal vs distinct)
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Chatbots can help

« Good estimate Tor pyictinct(n) Tor n = 1 million

e GPT-5.2 solved it like this:

* SDP relaxation + "correlation triangle inequalities”
- Symmetries: 34 overlap types, 479 triangle types

* Solve SDP, find a feasible dual solution that
lower-bounds primal optimum

« Argue that this also lower-bounds best possible
monochromatic fraction over all 2-colorings ...
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Chatbots can help

« Good estimate Tor pyictinct(n) Tor n = 1 million

« GPT-5.2 solved it like this:
« [too complicated for me to verity]

« GPT-5.2 also formalized the proof in Lean 4
*12 000+ lines of Lean 4 code

°P = pdistinct(1 000 OOO) > 0.23879



1/4 1/3 1/4

Upper
bounds < 0.2415




Upper
bounds

< 0.2415



1-round 2-coloring

°0.23879 = p < 0.24118 | ULVEHFPENEN DL
« Most of the work done by Codex + GPT-5.2

« Upper & lower bounds formalized in Lean 4
«17 000+ lines of Lean code total

theorem pStar_ge_23879 :

ENNReal.ofReal (23879 / 100000 : R) = ClassicalAlgorithm.pStar := ...

theorem pStar_1t_24118 :

ClassicalAlgorithm.pStar < ENNReal.ofReal (24118 / 100000 : R) := ...




